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We consider some differential geometric classes of local and nonlocal Poisson and sym- 
plectic structures on loop spaces of smooth manifolds which give natural Hamiltonian or 
multihamiltonian representations for some important nonlinear equations of mathematical 
physics and field theory such as nonlinear sigma models with torsion, degenerate Lagrangian 
systems of field theory, systems of hydrodynamic type, N-component systems of Heisenberg 
magnet type, Monge- Ampere equations, the Krichever-Novikov equation and others. In par- 
ticular, complete classification of all nondegenerate Poisson bivectors u 13 '(x, u, u x , u xx , ...) 
depending on derivatives of the field variables u l (x) and the independent space variable x 
is obtained (it 1 , i = 1, N, are local coordinates on smooth manifold M). In other words, 
all Poisson brackets of the following form 

{u t (x),u 3 {y)} = lo %j (x,u, u xi u xxi ...)8(x - y), 

det(u/ J ) 7^ 0, are explicitly described. In addition, we shall prove integrability of some 
class of nonhomogeneous systems of hydrodynamic type and give a description of nonlinear 
partial differential equations of associativity in 2D topological field theories (for some special 
type solutions of the Witten-Dijkgraaf-E. Verlinde-H.Verlinde (WDVV) system) as integrable 
nondiagonalizable weakly nonlinear homogeneous system of hydrodynamic type. 



1 Generalized Poisson bivectors on loop spaces of manifolds 



Let be given an iV-dimensional smooth manifold M with local coordinates {-U 1 , u N }. 
Classic Poisson bivector u %3 {u) on M is by definition a skew-symmetric (2,0)-tensor on M 
(uj ij (u) = —uj 31 (u)) which satisfies the well-known relation (the Jacobi identity): 

It gives a Poisson bracket on the space of smooth functions on M: 

{f(u), g (u)} = ^(u)§L^ ( L2) 

(or {u\u J } = uj ij (u)) which is skew-symmetric 

{f(u),g(u)} = -{g(u)J(u)} 
and satisfies the Jacobi identity 

{/(«), {g(u), h(u)}} + {g(u), {h(u), /(«)}} + {h(u), {/(«), <7(u)}} = 

First of all, in this paper we would like to study some natural infinite-dimensional 
generalizations of the Poisson bivectors and the corresponding Poisson brackets. 

Let us consider the loop space of the manifold M, i.e. the space L(M) of all smooth 
parametrized mappings 7 : S 1 — > M, 7(2;) = {u l (x), x G S 1 }. The classic Poisson bivector 
u> lJ (u) gives so-called ultra-local Poisson bracket on the loop space L(M): 

K(x), U i(y)} = ^(u(x))S(x - y) (1.3) 

or, in other words, we have the Poisson bracket on the space of functionals on the loop space 
L(M) 

i™ = ls^« x »mjj dx (L4) 

where F and G are arbitrary functionals on L(M). In infinite-dimensional case of L(M) 
we can consider a natural generalization of the Poisson bracket (1.4). In fact, generally 
speaking, in this case a Poisson bivector can depend also on derivatives of the fields 

u k (x): u lj (u,u x ,u xx ,...). 

Problem 1. Describe all Poisson brackets on L(M) of the following form: 

{F,G}= [ - u ij (u,u x ,u xx ,...) -^fj- dx (1.5) 

J S i ou l (x) ou J (x) 

where det(u/ J ) 7^ 0. 

Remark 1.1. Note that in this paper we always consider only tensors depending on a finite 
number of derivatives of the fields u k (x). 

Definition 1.1. We shall call a bivector uj ij ; (w, u x , u xx , ...) by a generalized Poisson bivector 
on the loop space L(M) if the tensor uj ij : (u, u x , u xx , ...) gives a Poisson bracket (1.5) on the 
space of functionals on L(M). 
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Theorem 1.1. Nondegenerate tensor u/ J (-u, u x , u xx , ...), det(u/ J ') 7^ 0, on the loop space 
L(M) is a generalized Poisson bivector on L{M) if and only if there are a closed 2-form 
fijj(-u) on M (dQ = 0) and a closed 3-form Tij k (u) on M (dT = 0) such that det(Tij k (u)u x + 
Qij(u)) 7^ and 

u ij (T jks {u)u s x + n jk (u)) = 51 (1.6) 

Remark 1.2. Thus, it follows from (1.6) that nondegenerate generalized Poisson bivectors 
u/ J on L(M) can depend only on the first derivatives of the field variables u l (x). 
Remark 1.3. If the manifold M is a symplectic one and the 2-form f^(it) is a symplectic 
form on M (i.e. det(fijj) 7^ 0) then for any closed 3-form Tij k (u) on M we have always 
that det(Tijk(u)u x + Qij (it)) 7^ and the formula (1.6) gives explicitly a generalized Poisson 
bivector u/ J . We note also here that for any closed 3-form Tij k on M det(Tij k (u)u x ) = 0. 

Theorem 1.1 describes translation invariant Poisson brackets but we can consider also 
Poisson bivectors u l ^(x, u(x), u x , u xx , ...) depending explicitly on the independent space vari- 
able x. 

Theorem 1.2. Tensor a/- 7 (x,u,u x ,u xx , ...), det(a; y ) 7^ 0, gives a Poisson bracket 

f SF SG 

on the space of functionals on L(M) if and only if there are an one-parameter family of 
2-forms 0,ij(z, u) on the manifold M and a closed 3-form Rijk(u) on M such that 



and 



det[( / (dQ) ijk (z, u(x))dz + R ijk {u))u x + flij(x, u(x))] 7^ 







oo ls 



where 



f x 

[( / (dn) sjk (z, u{x))dz + R sjk (u))u k x + n sj (x, u(x))] = 5], (1.7) 
Jo 

UO\ ( ( \\ - dn tj (z,u(x)) dtt ki (z,u(x)) dtt jk (z,u(x)) 
{ML )ijk {z,u{x))- ^ + ^ + 

(note that there are no conditions of closure for the 2-forms Qij here as it takes place in the 
Theorem 1.1). 

Remark 1.4- It is an interesting unsolved problem to classify all degenerate generalized 
Poisson bivectors a; lJ (x, u, u x , u xx , ...) with respect to dependence on derivatives of the fields 
u l (x). 

In order that to prove the Theorems 1.1 and 1.2 we shall consider differential geo- 
metric objects which are inverse to nondegenerate Poisson bivectors a/ J . As it is well 
known, in finite-dimensional case we shall get symplectic forms uJij(u) on the manifold M: 
Uij{u)uj^ k {u) = S k , (du)ij k = 0. In the next section we shall consider corresponding gener- 
alizations of symplectic structures in connection with infinite-dimensional case of the loop 
space L(M). 



2 Symplectic structures on loop spaces of manifolds 

The tangent space of the loop space L(M) in its point (a loop) 7 consists of the all 
smooth vector fields 1 < i < N, defined along the loop 7. We shall denote it here by 
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TjL(M) (we note that C(l( x )) £ T^^M, Vx G S 1 , where T 7 ( X )M is the tangent space of 
the manifold M in the point 'j(x)). 

Consider a skew-symmetric bilinear form rj) on the loop space L(M): 

u(^v)= [ ?Aijri j dx. (2.1) 

u>(Z,ri) = Z,V e T 7 L(M), £ = (£\ 77 = fa 1 ,-,^), A = (^) is a 

skew-symmetric operator defined by the loop 7 

A[>y] : T 7 L(M) -> T 7 *L(M) 

Introduce a differential of 2-form u;(£, 77) (it is an natural infinite-dimensional general- 
ization of the usual differential in the Lie algebra of vector fields on a manifold) : 

(<M(£,»7,C)= E {/ e^r^^ + ^J^C])}, (2.2) 
where £, ?7, C e T 7 L(M), 

ou (k) ou {k) 

is a commutator of the vector fields rj and £, = d k f /dx k , and the sign t; c) means 
that the sum is taken with respect to all cyclic permutations of the elements (£,?7,C)- 

If ciu; = 0, i.e. the 2-form (2.1) is closed, then the operator Aij is called by a symplectic 
operator (a; is called by presymplectic form or presymplectic structure). 
Remark 2.1. In infinite-dimensional case presymplectic structure is often said to be a sym- 
plectic one even if the corresponding 2-form uj is degenerate on L(M). We shall keep this 
terminology here (see [30] for refs. on symplectic operators and general theory of local 
Hamiltonian and symplectic structures and their connections with integrability of nonlinear 
partial differential equations). 

Lemma 2.1. Nondegenerate tensor ^(x, u, u x , u xx , ...), detu/ J 7^ 0, is a generalized 
Poisson bivector on L(M) if and only if the tensor u>ij(x, u, u x , u xx , ...), where u> l8 u> 8 j = Sj, 
is a symplectic operator. 

It was shown by author in [13] that it is sufficient to verify the Jacobi identity only 
for all linear functionals of the form F = j sl fi(x)u l (x)dx, where fi(x), i = 1, ...,N, are 
arbitrary functions. Consider vector fields £ of the form = u> lJ fj(x). It is easy to check 
that the condition 

(dw)(£,7/,C) = 

for a symplectic structure Uij(x,u,u x ,u xx , ...) is equivalent to the Jacobi identity on linear 
functionals for the bracket 

{it* (a;), u J (y)} = uj ij (x,u, u X7 u xx , ...)S(x - y). 

Consider now symplectic operators u>ij(u, u x , u xx , ...). 
Lemma 2.2. An operator u>ij(u, u x , u xx , ...) is a symplectic operator if and only if 
1) u>ij = —iVji (skew-symmetry) 
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2) for any vector-functions r){x) = {^(x), ...,rj N (x)),(( x ) = (C 1 (^)? ■■■■>( N ( X )) we have 
the following identity: 

(the condition of closure for Wy). 

Consider now R = max<|m : there exist i, j, s such that dujij / du s ^ m ^ ^ ol. 
If R > 2 then the coefficient at the term Vx( x )C(r-i)( x ) m (2-3) is equal 



{-1) H R 



R D UUJ *J 



du U) 



i.e. R < 1 and the form depends only on w, fc (a;) and the first derivatives u x (x). 

Now it is easy to show from the identity (2.3) that Uij must be quasilinear with respect 
to the first derivatives u k (x), i.e. 

Uij(u, u x ) = T ijk (u)u x + Qij(u) (2.4) 

Note that all symplectic operators of this type were described by author in [8] where differ- 
ential geometric homogeneous symplectic operators of the first order 

Aij = 9ij-jj^ + bijk(u)u k x 

were studied in detail (after degeneration of gij we get complete description of quasilinear 
symplectic structures uiij{u,u x )). 

It turns out that symplectic operators Uij of the form (2.4) give Hamiltonian (or sym- 
plectic) structures of some special Lagrangian systems in classical field theory (some degen- 
eration of nonlinear sigma models). 

Theorem 2.1. Lagrangian systems 5S/5u = that are given by the action 

5" = j \aij{u)u x u{ + bi{u)u\ + U{x,t,u,u x ,u xx , ...))dxdt (2.5) 

with bi(u),U(x,t,u,u x ,u xx , ...) being arbitrary functions and skew-symmetric functions 
ciij(u) ( = —ciji), are Hamiltonian systems with respect to the corresponding symplectic 
structures of the form (2.4). 

Conversely, any Hamiltonian system of the form 

8U 

(T ljk (u)u k x + %(w)K = J~i 

is Lagrangian system with respect to the action of the type (2.5). 

In the next section we shall consider symplectic geometry corresponding to the general 
nonlinear sigma models with torsion. 
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3 Nonlinear sigma models with torsion and symplectic geometry on loop spaces 
of manifolds 



Consider two-dimensional systems generated by the general nonlinear sigma model 
actions of the form 

S = j \l i r lJ (u)v? x ul +U(u))dxdt (3.1) 

where r^ (ti) is an arbitrary (0,2)-tensor and U(u) is an arbitrary function on M. As it was 
shown by author in [8] the corresponding Lagrangian system 



has always symplectic representation 



where 



— - 

Su 



A tJ ui = ^ (3.2) 



1 s d If dr ki drij dr k j \ k 



is a symplectic operator. 

If det(r^ + Tji) 7^ (in this case we have Riemannian or pseudoRiemannian manifold 
M with the metric gij = \{rij + Tji)) then the symplectic operator (3.3) gives a symplectic 
form u;(£, 77) on L(M) having the shape 

u(Z,v)= j <C,V^> (3.4) 

7 

where < £,77 >= \{rij + rji){^rf and V-y is a covariant derivation along 7 generated by 
some differential geometric connection T l - k {u) on M. Let us describe all symplectic forms 
of the shape (3.4) on L(M). 

Theorem 3.1 [8]. Let be given a Riemannian or pseudoRiemannian manifold (M, g^). 
A differential geometric connection T % - k (u) on M defines a symplectic form (3.4), where 

< £iV >= gijCrf ■> if an d only if 

1) the connection Y l - k {u) is compatible with the metric g^, i.e. 



2) the torsion 



^g% 



rp /Tis — pi pi 

^ijfc — gis-L jki 1 jk — 1 jk 1 fcj5 



is a closed 3-form on M . 

Any closed 3-form on the (pseudo) Riemannian manifold (M,gij) gives the only com- 
patible with the metric gij(u) differential geometric connection F l - k (u) with torsion tensor 
determined explicitly by this closed 3-form and correspondingly any metric gij{u) and any 
closed 3-form on M generate a symplectic form (3.4) on L(M). 
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The corresponding symplectic operator has the form 

Mij = 9ij(y)-^ + 9rs(u)T s jk (u)u k x (3.5) 

where locally we have 

r ^>4*M^ + i™ +r -4 (3 ' 6) 

/«(«) = (3-8) 

Corollary. On any Riemannian or pseudoRiemannian manifold (M,gtj) closed 2-forms of 
the shape (3.4) on L(M) are in one-to-one correspondence with closed 3-forms on M. 

An elementary conclusion is that on any two-dimensional Riemannian (or pseudoRie- 
mannian) manifold (M, <7y) there is a single symplectic 2-form (3.4) on the loop space 
L(M) and correspondingly a single symplectic operator (3.5) which are generated by the 
Levi-Civita connection. As for A^-dimensional Riemannian (or pseudoRiemannian) mani- 
folds, the conclusion is that there always exist an symplectic 2-form of the shape (3.4) and 
a symplectic operator (3.5) which are generated by the Levi-Civita connection. 

It must be noted that the symplectic form (3.4) is always degenerated (i.e. in fact, it is 
only a presymplectic form on L(M)) and the null space of uj(^,rj) is constituted by vector 
fields parallel along 7. In particular, the velocity vector field {u x } belongs to the null space 
of uj(£, rf) if 7 is a geodesic loop. Another subject is the interrelation between the symplectic 
forms under consideration and classic finite-dimensional symplectic structures on manifolds 
of geodesies. We remind that for A^-dimensional Riemannian manifolds (M, gij) whose 
geodesies are periodic and of equal length, there exists a (2A^ — 2)-dimensional symplectic 
manifold CM of geodesies. The symplectic structure on CM is determined by the curvature 
form of S^-connection in the principal bundle UM of unit tangent vectors of (M, gij), where 
the S^-connection is generated by the canonical 1-form on T*M (Reeb theorem, see [33- 
36]). The tangent space T 7 CM at the point 7 is isomorphic to the space of normal Jacobian 
fields along the geodesic 7. 

Theorem 3.2 [8]. The restriction of the symplectic form (3.4) generated on L(M) by the 
Levi-Civita connection to the finite-dimensional subspace of normal Jacobian fields along 
the geodesies 7 coincides with the symplectic Reeb form that is a closed nondegenerate 
2-form on CM defining a symplectic structure. 

Theorem 3.3 [8]. Formulas (3.5)-(3.8) give complete description of all symplectic operators 
of the following shape 

d 

Aij = a ij( u )-^ + b ijk (u)u x , (3.9) 
det (u) 7^ 

(homogeneous differential operators of the first order with nondegenerate higher coefficient). 
Lemma 3.1. An operator of the shape (3.9) is symplectic if and only if the following 
conditions are valid: 
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ciij = dji (3.10) 

dcii 



"13 _ 



du k 
da 



>3 



du k 



= bij k + bj ik (3.11) 



— hkj + bjki (3.12) 



dbj m k dbj m i dbijk dbi m k ^ . ^ . 

du 1 du k du m dui 

Remark 3.1. Hamiltonian operators of the shape (3.9) were classified by Dubrovin and 
Novikov [2] (see also [1,4]). In this case, the higher coefficient a lJ must be a flat metric 
on manifold M and b\ 3 (u) are generated by this flat metric. These Hamiltonian operators 
play the very important role in the theory of integrability of the diagonalizable systems of 
hydrodynamic type [5,6] (see also [1,4]). 

Thus, any nonlinear sigma model (3.1) has a natural Hamiltonian (symplectic) repre- 
sentation (3.2) given by a symplectic operator (3.3). If a nonlinear sigma model system has 
also another Hamiltonian representation compatible with (3.2) then this nonlinear sigma 
model system will be integrable by the Lenart-Magri scheme ([37]). Thus, the problem 
of finding of Hamiltonian operators compatible with the symplectic operator (3.3) is very 
important and was formulated by author in 1989 (see [8,11,38-40]). For some known two- 
component integrable nonlinear sigma models without torsion (r^ is a symmetric tensor in 
(3.1)) such second Hamiltonian representations compatible with (3.2), (3.3) were found in 
[41]. 

Example 3.1 [41]. 

A uluj + ulu] ku i u 2} dxdt (314) 
v 2 u 1 tt 2 + c ' ' 

where c and k are arbitrary constants. 
In this case 



(rij) " u^ + c{l 0) 
U{u) = ku x u 2 



First symplectic operator (3.3) has the form 

A = TT73. ; in n J ~ 77X73. , Ivs ( „.2„,l n * ) (3.15) 



v}u 2 + c\D J (^u 2 + c) 2 V " < 

The second Hamiltonian operator B for the action (3.14) is nonlocal and compatible with 
(3.15): 

/ -(uW + c)\ 

1 1 [a 1 a 2 + c) 



ulD^ou 1 -u 2 x D- 1 ou 2 ) + \-u 2 D- 1 ou 1 x -vtD^oul* ( ' >b) 
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The recursion operator U- = B ls A s j for this integrable nonlinear sigma model (3.14) 
has the following form 



L = 



-D 
D 



+ 



1 



ulu 2 + c V —2u z u 



1 2 
U u x 
,2. ,2 



ulD- 1 



n ,,1 n 



,X' J 

2 \2 



,.2 r)-l n -£< 



+ 



- 2 «) 2 



(u 1 u 2 +c) 2 

u 1 !) -1 o c *y^ r , - A ) -u 1 !) -1 o e , 1 ","^ 

v (ii 1 m 2 +c) 2 u 1 u 2 +c / ' V (-u 1 u 2 +c) 2 
2 r>-l f m 1 ^) 2 "L ^ _„ 2 n-l / ^ 2 (^) 2 ^ \ 



u 1 u 2 +c y 
,1 



Example 3.2 [41]. 



5= /(1 ^4 ± 4^ + ^ 1 +^ 2 ))^ 



where is an arbitrary constant. 
For this case 



1 

U{u) = k{u x + u 2 ) 



(3.17) 



(3.18) 



The first symplectic operator (3.3) has the following form in this case: 



A = 



D 



u i+ w 2^£> J (u 1 + u 2 ) 2 \ul 







u , 



(3.19) 



The second Hamiltonian operator B for the action (3.18) is also nonlocal and compatible 
with (3.19): 



B 



-i^+u 2 ) 



(u 1 + u 2 ) 



ulD' 1 -ulD' 1 
ulD- 1 -ulD- 1 



+ 







D~ x o ul 



—D~ 



o ui 



The recursion operator L l - = B ls A s j has the form 



-D 
D 



+ 



1 



u 1 + u 2 



u„ 



-2ui 



+ 

D- 1 
—D~ 

— ui 




O -U^ 



! + 



+ 



K) 2 

(O 2 



It. 
U 1 +11 2 



+ 



(3.20) 



(3.21) 



4 Homogeneous symplectic forms on loop spaces of manifolds 



Consider the matrix entries of the operator of the shape 

4r' = "Sr'w^ + (<$(«)«&; + + .... (4.i) 

with all the terms in (4.1) being degree m homogeneous with respect to the natural grading 

deg(fg) = degf + degg, 

degf(u(x)) = deg-u(a;) = 0, 

d^u d^ 

de § TT = de ^l~k =k 

dx K dx K 

Symplectic operators of the shape (4.1) and the corresponding symplectic forms on the 
loop space L(M) 

u(t,v) = J si C(A [ ™ ] rf)dx (4.2) 

were introduced and studied by author in [9,38,39]. 

It can be proved easily that for symplectic form (4.2) the coefficients of the operator (4.1) 
are transformed under changes of coordinates u l = u l (v) on the iV-dimensional manifold 
M as differential geometric objects. Under the assumption of nondegeneracy of the higher 
coefficient a'^ (it) the conditions reflecting symplecticity of the operator (4.1) are in their 
essence some natural differential-geometric restrictions imposed on connections defined on 
manifold M equipped with the metric a'™ (symmetric for any odd m, m = 2k + 1, or skew- 
symmetric for any even m, m = 2k) and the coefficients can be expressed in an invariant 
form via the metric, the curvatures and the torsions of the connections. It allows to obtain 
invariant geometric description of the symplectic operators (4.1). 

Definition 4-1- Symplectic operators of the shape (4.1) are called symplectic operators of 
differential geometric type. 

Remark 4-1- Poisson structures of the shape (4.1) were introduced by Dubrovin and Novikov 
[3] as a natural generalization of Poisson structures of hydrodynamic type (m = 1). The 
case m = 2 for Poisson structures of the shape (4.1) was studied in [44-46]. 
For m = symplecticity conditions are 

da [0] 

where the sum is taken with respect to all cyclic permutations of k. It means that 

fi = af}(u)du l Adu J 
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is an arbitrary closed 2-form on M. If det afj ^ 0, we have a symplectic structure fi on M 
and a symplectic structure 

Js 1 

on the loop space L(M). 

The case m = 1 corresponds exactly to symplectic forms (3.4). It is possible also to get 
a complete description of matrix symplectic operators (4.1) for m = 2 [9]. In this case we 
deal with the operators of the form 



4 1 = °1* («)^ + 6 SL(«)«J^ + c SL(«)«i«L + dgL(«)«L (4-3) 



Lemma 4.1. Operator (4.3) is symplectic if and only if the following conditions are valid: 

-g 1 = -«??, (4.4) 
8a [2] 1 

C = ^ 6 8l + 6 LVO ( 4 - 6 ) 

c ijkl^ c ijlk Q u l + ^fc + ^ ^ • ^-'J 



Theorem 4.1 [9]. Under the assumption det a\Hu) ^ 0, symplectic operators of the form 
(4.3) exist if and only if M is an even-dimensional manifold with an almost symplectic 
structure. 

We remind that a manifold with an almost symplectic structure is an even-dimensional 
M endowed with a nondegenerate skew-symmetric metric gij(u). 

Let a\j (u) = gij(u). Consider an arbitrary symplectic operator of the form (4.2) and 
introduce coefficients T l - k {u) by the relation 

6g ] fc («) = 2g is {u)T s jk {u). 

Lemma 4.2 [9]. Coefficients F l - k (u) define a symplectic connection on (M,gij), i.e. a 
differential geometric connection compatible with the almost symplectic structure of the 
manifold: 

% 

du k : " s ' li 



It turns out that any symplectic connection F l - k (u) on a manifold with an almost sym- 
plectic structure (M,gij) generates a unique symplectic operator (4.3). 
Theorem 4.2 [9]. If (M, gij) is a manifold with an almost symplectic structure then there 
exists a one-to-one correspondence between the symplectic connections T l - k on (M, g^) and 
closed 2-forms of the shape (4.2), m = 2, on the space L(M) of smooth loops on M. This 
correspondence is expressed by the formula 

u>(z,7i)= f {<e,v^>+i< I /, J R(e,7/)i/> + <i/, R (v^>> 

11 



+ < TM > + < T{£,ri),V v v >}dx (4.8) 

where < £, rj >= gijCv 3 '> the sum ^ ^ is taken with respect to all cyclic permutations 
of the elements (77, £, z/), z/ is the velocity vector of the loop 7(x), i.e. z/ = it£., is the 
covariant derivation along 7, [T(£, ??)] 1 = T kl £ k rj l , T l - k = r*- fe — rjy, is the torsion tensor of 

the connection and {R(^i])(Y = R^ kl ^ k rj l C j , 

pi _ _ H _l . 2*1 _ r* rP _i_ r* 

is the curvature tensor of the connection. 

The formula (4.8) gives the general form of closed 2-forms of the shape (4.2), m = 2, 
and also describes all the symplectic operators of the form (4.3). 

On symplectic manifolds there is a special class of symmetric symplectic connections, 
satisfying the condition Tj fc = 0. Such connections exist on (M, g^j) if and only if the 
manifold (M,gij) is in fact a symplectic one, i.e., (dg)ijk = 0. 

Corollary 4.1 [9]. If a symplectic connection T % - k {u) is a symmetric one then the closed 
2-form (4.8) has the presentation 

u(Z,v)= I {<^Vl V >+l<v,R(Z,v)v>}dx (4.9) 
Js 1 2 

This formula describes a most natural class of homogeneous symplectic forms of the second 
order on loop spaces of symplectic manifolds. 

It is worth being noted that the class of symplectic connections on manifolds with 
almost symplectic structures is rich enough. Namely, any such a manifold has infinitely 
many distinct symplectic connections and correspondingly infinitely many distinct symplec- 
tic forms (4.8) on its loop space. Similarly, any symplectic manifold has infinitely many 
symmetric symplectic connections and correspondingly symplectic forms of the shape (4.9) 
on its loop space. 



5 Lagrangian systems and symplectic structures on loop spaces 



We shall consider in this section two-dimensional Lagrangian systems generated by the 
actions of the form ([14,12]) 

S = J (gi{x,u,u x ,...)ul + h(x,u,u x ,...))dxdt (5.1) 

where g^ h are arbitrary functions depending on the independent space variable x, some N 
fields u l (x,t) and their derivatives u 1 ^ = d n u l /dx n with respect to x. 
The corresponding Lagrangian system 

ou l 

has the following form 

M ijU i = g (5.2) 
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where 
and 

H= [ hdx 



Lemma 5.1 [12,14]. The differential operator My is a symplectic operator and the bilinear 
form 

(£,77)= / CM ijV j dx, (5.4) 

where £, G T 7 L(M), is a symplectic form on the loop space L(M). 

In other words, the inverse operator K 1 ^ = (M _1 ) lJ , such that K^Mjk = S l k , gives 
always a nonlocal Poisson bracket 

{u i (x),u j (y)} = K lJ [u(x)]5(x-y) (5.5) 

and hence we have always the following nonlocal Hamiltonian representation for Lagrangian 
systems generated by the actions (5.1): 

S.TJ 

ul = K^°— = {u\x),H} (5.6) 

The corresponding symplectic representation for these Lagrangian systems has the form 
([14]) 

u(6u,u t ) = SH (5.7) 

where the relation (5.7) is valid for arbitrary variations 5u l (x) of the fields u l (x), H is a 
functional on the loop space L(M). 

Some special actions of the form (5.1) generate important nonlinear equations of math- 
ematical physics and the field theory such as nonlinear sigma models (see above section 3), 
Monge- Ampere equations, some systems of hydrodynamic type, Krichever-Novikov equation 
and so on and the corresponding symplectic representations are very useful and effective for 
investigation of integrability and the procedures of averaging. Of course, it is easy to gener- 
alize this construction for arbitrary degenerate Lagrangian quasilinear with respect to higher 
t-derivatives of the fields u l (x,t). 

Let's consider some examples. 
Example 5.1. The Korteweg-de Vries equation (KdV). 

Consider the following simple action of the type (5.1) 



r i i 

S = {-u x u t - -u xx - u x )dxdt 



The symplectic representation (5.2)-(5.3) for the corresponding Lagrangian equation 
SS/Su = has the form 

d . s SH 



dx Su ' 

H = J (u 3 x + ^u 2 xx )dx 
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After the field transformation v(x) = u x (x) we have obtained the usual Hamiltonian 
representation of the KdV equation: 

d 5H 

v t = 



dx 5v ' 
H = j{v*+ l -vl)dx 



v t = 6vv x - v xxx 

Remark 5.1. Note that if v l (x) = u x (x) then for any functional H the relation 

SH d_5H_ 

8u l dx 5v l 

is valid for the variation derivatives. 

Example 5.2 [10]. The Krichever-Novikov equation (KN). 
Consider the special action of the form (5.1) 

S= [(^-^-l*f)dxdt, (5.8) 
J \2u x 2 ul 3 ul J 

where R(u) = asu 3 + CL2U 2 + a\u + ao is an arbitrary polynomial of degree three, ai = 
const, i = 0, 1, 2, 3. 

In this case the Lagrangian equation SS/5u = has the symplectic representation 
(5.2)-(5.3) with the symplectic operator 

M = - — ^-o— (5.9) 

(L±L) Ut = 5 Ji (510) 

u x dx u x 5u' 

The formulas (5.10)-(5.11) give the well-known symplectic (and Hamiltonian) repre- 
sentation ([20]) for the Krichever-Novikov equation ([21]) 

3 ui^ R(u) 

u t = u xxx - --m + (5.12) 

z u x u x 

which is a completely integrable equation with an infinite collection of conservation laws, a 
representation of zero curvature with parameter on an elliptic curve and so on, and plays an 
important role in the contemporary theory of integrable nonlinear systems of mathematical 
physics. 

We recall that the equation (5.12) appeared for the first time in [21] (in slightly other 
form, see also [22, 23]) as the deformation equation (by virtue of the Kadomtsev-Petviashvili 
(KP) equation) for the Tyurin parameters corresponding to a general solution of the com- 
mutation equation of ordinary differential operators for a spectral curve of genus g = 1 and 
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fixed rank / = 2 of the vector bundle of common eigenfunctions over the spectral curve (we 
note that the corresponding integrable Boussinesq type system of deformation of Tyurin 
parameters by virtue of KP equation for general solution of the commutation equation of 
ordinary differential operators of genus g = 1 and rank / = 3 is obtained in author's works 
[24, 25, 13]). Correspondingly any solution of the KN equation determines a solution of KP 
by an explicit formula [21,22]. It is shown in [26, 27] that among all nonlinear equations 
(up to local changes of the field variable u = u(v)) of the Korteweg-de Vries type: 

Ut = U xxx -\- /(ti, H x , K. xx ), 

having infinite series of local conservation laws, only the KN equation (in general case, i.e., 
when the polynomial R(u) has no multiple roots) can not be reduced to the KdV equation 
by differential substitutions of the form 

u = F(v,v x , ...,i> (m) ) 

although, generally speaking, the question of possible connection between the KN and KdV 
equations by more complicated transformations is still unsolved. 

The KN equation appeared as the first nonformal example of a system whose Hamilto- 
nian structure is defined by a nontrivial differential symplectic operator. The action (5.8) 
gives Lagrangian representation for the KN equation ([10]) and explains natural origin of 
the symplectic operator (5.9). 

The KN equation (5.12) is related with the Hamiltonian equation ([10]) 

H = - j\^^\ R(z)v ^ dz ' (6 ' 14) 

by the point transformation of hodograph type 



{ 



x = v, 
u = z 



(5.15) 



One can assume that v(z) is a new scalar field which is the inverse of the field u(x), i.e., 
u(v(z)) = z and v(u(x)) = x. 

Introducing the new field w(z) = v z (z) we obtain a canonical Hamiltonian representa- 
tion of the Krichever-Novikov equation (5.12) ([10]): 

Wt = Tz^ (5 - 16) 

/I V! 2 1 
+ 3 R(z)w ^ dZ - (5 - 17) 

Note that the Hamiltonian H is not invariant with respect to translations in z. 
As it was shown by author in [10] the KN equation is simply connected also with the 
canonical Hamiltonian system 

a = — 

„ _ 5 _ P iF (5-18) 
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where the Hamiltonian F\p, q] in conjugate variables p(z), q(z) has the form 



F\p, q} = 

M ~ ) ( ^ - 1 4 - R(z)lt) + \R{z)t& -l q -k)dz (5.19) 



ql 2 qj ^ >**J 3 ^ 2 2 £ 

In [28, 29, 30] symplectic structures of the degenerate KN equation (R(u) = 0) are 
considered (as it is known ([27]), in this case and always, when the polynomial R(u) has 
multiple roots, the KN equation reduces to the KdV equation by differential substitution). 
The degenerate KN equation has the form 

u t = u x S[u], (5.20) 

where 

cr„,i _ Uxxx ^ u xx 

is the Schwarzian of u, and has a compatible pair of differential symplectic operators found 
by Dorfman ([28-30, 12]) and a number of other interesting properties studied by various 
authors (see [31], for example). For multicomponent analog of the degenerate KN equation 
(5.20) multisymplectic representation is found by Fordy and Antonowicz [32]. In [63] a 
(2+l)-dimensional version of the degenerate KN equation (5.20) was studied by Dorfman 
and Nijhoff. 

It is interesting that as it was discovered by author and Ferapontov ([15], see also [16-17] 
and sections 7 and 9 in this paper) the symplectic operator (5.9) and its multicomponent 
generalization 

Mij = — — 4-o— , (5.21) 

K = const, arises naturally in the Dubrovin-Novikov theory of Hamiltonian systems of hy- 
drodynamic type developed in [1-4] . The Hamiltonian structure of these systems introduced 
and studied by Dubrovin and Novikov in [2] is generated by metrics of zero curvature (all 
these Hamiltonian systems of hydrodynamic type have a natural Lagrangian representation 
of the considered above type (5.1)-(5.3) and we shall consider them in the section 7). It was 
shown in [15] that with the help of the operator (5.21) one can adequately extend the theory 
of Hamiltonian systems of hydrodynamic type to metrics of arbitrary constant Riemannian 
curvature K. In particular, such Hamiltonian diagonalizable systems of hydrodynamic type 
will be integrable (they are semi-Hamiltonian in the sense of Tsarev [5-6]). All systems of 
hydrodynamic type derived by averaging of well-known integrable equations of the soliton 
theory (KdV, Nonlinear Schrodinger, Sine-Gordon and so on) have Hamiltonian structures 
generated by metrics of non-zero constant Riemanian curvature (along with structures of 
Dubrovin-Novikov type) (see [19]). 



6 Symplectic and Poisson structures of the Monge- Ampere equations 



Example 6.1. The Monge- Ampere equations. 
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Consider the following action of type (5.1) [50] 

/I i 
i^xQt - u x q x u t - -q 2 u xx + §{x,t,u,u x )]dxdt, (6.1) 

where $>(x,t, u, u x ) is an arbitrary function. 

The corresponding Lagrangian system 5S/5u l = has natural symplectic representation 
(5.2)-(5.3) of the form 



f SF/5u\ 
V SF/5q J 



where 



is a symplectic operator, 



M = ( qx dx + dx ° 1 X Uxx \ (g.3) 
^xx 



F = J[^q 2 u xx -<$>(x,t,u,u x )]dx. (6.4) 
The symplectic system (6.2)- (6.4) is equivalent to the Monge- Ampere equation ([50]) 

2 5$ 

u xx u tt - [u xt ) = — . (6.5) 

In this case of the Monge-Ampere equations the Poisson bracket (5.5) is also local and 
corresponding Hamiltonian operator = (M _1 ) lJ has the form ([50]) 

K= ( °i „., d Y X d n </.. ) ( 6 - 6 ) 



u xx ui„ dx ^ dx ° ui 



"XX XX 



And what is more this fact is valid for all local Hamiltonian operators of the form 

«=(-B A £+ B A^)> ™ 

where B and A are some functions of x, u, u x , u xx , q, q x , q xx , ... (B ^ 0), which were 
considered by Nutku and Sanoglu in [50] in connection with Poisson structures of the 
Monge-Ampere equations. Namely, for any local Hamiltonian differential operator of the 
form (6.7) the corresponding inverse symplectic operator M is also local differential operator 
and has the form 

/Ad I d n A _J_\ 
M = yB 2 dx ^ ± dx Bi B j ( 6 . 8 ) 

Theorem 6.1. The operator 



[ dg _ t dg \ 1 d_ , _d_ Q [_dg_ _ / dg \ 1 dg 

ldu x \du xx )x\dx ' dx ldu x \du xx ) x \ dq 





jyj- j Lou x \du xx / x ldx dx ldu x \du xx / x l dq j (6 9) 



8q 
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is a symplectic operator of the form (6.8) for arbitrary function g(x, t, u, u x , u IX , q). The 
corresponding local Hamiltonian operator K has the form (6.7) where 



dg _ ( dg \ 
du x \du xx )x 



B = -7fTTfrv A = m lav ( 6 - 10 ) 
(dg/dq) (dg/dq) 2 



7 Symplectic and nonlocal Poisson structures of homogeneous and nonhomoge- 
neous systems of hydrodynamic type 

Example 7.1. Systems of hydrodynamic type. 
Consider the following action of type (5.1) 

S = J (^gijU l x u J t - h(u x ))dxdt (7.1) 

where {g%j) is a constant nondegenerate symmetric tensor, h(v) is an arbitrary function. 

The corresponding Lagrangian system 5S/5u l = has the symplectic representation 
(5.2)-(5.3) of the form 

d , a. 5H . . 



H = J h(u x )dx 



After the field transformation v l (x) = u x (x) (see Remark 5.1) we obtain a Hamiltonian 
system of hydrodynamic type in flat coordinates 



H = J h{v)dx 



In other words, the action (7.1) gives the general class of Hamiltonian systems of hydro- 
dynamic type (written in flat coordinates (v 1 , ...,w Ar )), introduced and studied by Dubrovin 
and Novikov [1-4]. 

We remind very briefly the basic necessary for us notions and results on Poisson struc- 
tures of hydrodynamic type. 

Consider the one-dimensional systems of hydrodynamic type, i.e., in other words, the 
one-dimensional evolution quasilinear systems of the first order 

u\ = v){u)ul (7.4) 

where Vj(u) is an arbitrary N x N matrix function of u = (u 1 , ...,u N ), u 1 = u l (x,i), i = 
1,...,N. 

The Hamiltonian systems of hydrodynamic type considered by Dubrovin and Novikov 
in [1-4] have the form 

ut = {u\H}, (7.5) 
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where if is a functional of hydrodynamic type, i.e. 

H = J h{u)dx, (7.6) 

and the Poisson bracket has the form 

{«*(*), u*(y)} = g l \u(x))S x (x - y) + b\ j {u{x))u k J{x - y) (7.7) 

(the Poisson bracket of Dubrovin-Novikov type [2]). It was shown in [2] that if det[(7 lJ (-u)] 7^ 
then the expression (7.7) gives a Poisson bracket if and only if 

(1) g l i (u) is a metric of zero Riemannian curvature (that is, simply a flat metric), 

(2) b k 3 {u) = — g ls (u)T J sk (u) , where T J sk (u) are the coefficients of the differential geometric 
connection generated by the metric g lJ \ that is, the only symmetric connection com- 
patible with the metric (the Levi-Civita connection). 

Thus, there exist always local variables v l = v l (u) in which the Poisson bracket (7.7) 
is simply constant: 

{v i (x),v*(y)} = e i 6 i *6 x (x-y), (7.8) 

where e % = ±1, % = 1, N. Correspondingly, it is easy to give a Lagrangian description 
(7.1) to these systems. The considered Hamiltonian systems of hydrodynamic type have the 
form 

u\ = [V l V>(«)]<, (7.9) 

where V is the covariant derivative generated by a zero curvature metric. As it was shown 
in [5,6], if the Hamiltonian system of hydrodynamic type (7.9) has the Riemann invariants 
(that is, the matrix Vj(u) = V l Vjh(u) is diagonalizable) , then it is integrable. 

Multidimensional Poisson structures of hydrodynamic type were introduced and studied 
in [3,7]. 

In [15] (see also [16,17]) there was proposed a nonlocal generalization of Hamiltonian 
theory of the systems of hydrodynamic type (7.4) connected with the nonlocal Poisson 
brackets of the form 

{u l {x),u 3 \y)} = 



g ij (u(x))S x (x -y) + b k J (u(x))u k J(x - y) + Ku % x (dj 'dx)- x v? x b(x - y). (7.10) 

It is simple to show that for any Hamiltonian functional H of hydrodynamic type 
(H = f h{u)dx) the Poisson bracket of the form (7.10) also generates always a system of 
hydrodynamic type (7.4). 

Remark 7.1 [16]. The expression (7.10) is the most general form of Poisson brackets with 
the property to generate a system of hydrodynamic type (7.4) for any Hamiltonian H of 
hydrodynamic type (7.6). 

Theorem 7.1 [15] If det[(7 lJ (w)] 7^ then expression (7.10) gives a Poisson bracket if and 
only if 

(1) g l i (u) is a metric of constant Riemannian curvature K, 

(2) b k J (u) = —g ls T J sk {u), where T 3 sk {u) are the coefficients of the connection generated by 
the metric g % i (the Levi-Civita connection). 
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The corresponding Hamiltonian systems of hydro dynamic type have the form 

u\ = [V l Vjh{u) + K8)h{u)]ui, (7.11) 

where V is the covariant derivative generated by a metric of constant Riemannian curvature 
K. 

If det[(7 iJ ' {u)] = then description of the nonlocal Poisson brackets (7.10) much more 
complicated [16]. 

Note that the Poisson brackets (7.7) and (7.10) define natural differential geometric 
Poisson brackets on loop spaces of arbitrary flat and constant Riemannian curvature man- 
ifolds correspondingly by analogy with symplectic structures of differential geometric type 
on loop spaces of arbitrary Riemannian manifolds [8,9] (see also (3.4) and the sections 2-4 
in this paper). 

Consider now nonhomogeneous systems of hydrodynamic type 

ui = v}(u)ui + f(u). (7.12) 

Local Poisson structures for the systems (7.12) studied by Dubrovin and Novikov [3,4] 
have also a natural nonlocal generalization. We shall consider here nonlocal Hamiltonian 
nonhomogeneous systems of hydrodynamic type 

t4 = {«',#}, (7-13) 

where if is a functional of hydrodynamic type (7.6), and the nonlocal nonhomogeneous 
Poisson bracket of hydrodynamic type has the form 

{«*(*), u\y)} = g^(u(x))S x (x - y) + b^{u{x))u k J{x - y) + 

KuHd/dx^uidix -y) + u ij (u(x))8(x - y) (7.14) 

It is easy to show that the expression (7.14) is a Poisson bracket if and only if it is a sum of 
two compatible Poisson brackets (7.10) and (1.3). 

Theorem 7.2 [52]. The Poisson brackets (7.10) and (1.3) are compatible if and only if 
the bivector lo % ^{u) is a Killing bivector on the manifold (M, g l i) of constant Riemannian 
curvature K, that is, 

VV fe + V j u ik = 0, (7.15) 

where V is the covariant derivative generated by the metric g lJ '(u) of constant Riemannian 
curvature K. 

8 On some integrable nonhomogeneous systems of hydrodynamic type 

In this section we shall consider some special class of nonhomogeneous systems of hy- 
drodynamic type with quadratic nonlinearity ([49,48]): 

u\ = aX + b )kU J u k + 4« fc , (8-1) 

k,j k 
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where a summation over repeating indices is not assumed in this section, a 1 , b l - k and c\ are 
constant tensors, k = 1, N. 

There are a number of well-known integrable systems among (8.1). 
Example 8.1. The N-wave equation. 

For example, integrable real-valued exact resonance system of parametric interaction 
of three wave packets in nonlinear optics (N = 3) is a special case of (8.1): 



1 11 9 S 

ui = a u x — eu u , 



u 



a 2 u 2 + eu'-u 



1„,3 



U 3 = 0,3 u x + ^U X U Z 



(8.2) 



where a 1 , e are some constants. 
Example 8.2. The KdV equation. 

Consider the KdV equation (see also Example 5.1) as evolution system with respect to 

x: 



1 2 

u x = u , 



2 — 3 (8.3) 



u x = u 



u x = —u\ + 6u x u 2 

It was shown in [47] that the KdV system (8.3) is Hamiltonian with respect to some 
nonhomogeneous Poisson structures of hydrodynamic type (7.14) which are in fact induced 
by well-known Magri and Gardner brackets for KdV. After the local quadratic unimodular 
change of field variables [48] 



u 1 = (w 1 -w 3 )/V2 
u 2 = w 

u 3 = (w 1 +w 3 )/v / 2 + (w 1 -w 3 ) 



2 _ ,,.2 (g.4) 



we obtain Hamiltonian representation for the KdV system (8.3) ([48]), generated by the 
simplest infinite dimensional Kac-Moody Lie algebra sl(2) and some quadratic Hamiltonian 
H: 

< = M^)|^, (8.5) 



5wi ' 

H = - J [(w 1 - w 3 ) 2 - V^iw 1 + w 3 )]dt, 




\ r ( -2w 3 (t) 2w 2 (t)\ 
(M ij (t))=\0 -1 — + 2w 3 (t) 2w 1 (t) , (8.6) 

-1 / dt \-2w 2 (t) -2«; 1 (t) / 

where M is the Hamiltonian operator given by sl(2) [48]. 

The second nonhomogeneous Poisson structure of hydrodynamic type for the KdV 
system (8.3) is compatible with (8.6) and has the following form [48]: 



1 I 1 ! \ J 
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(8.7) 

I -1 J 

here the metric g t; '(w) in (8.7) is degenerate (see (7.14)). 

Correspondingly, second Hamiltonian representation for the KdV system (8.3) has the 

form 

where H is the quadratic Hamiltonian 



H = ~ j [(w 1 ) 2 - (w 2 ) 2 - (w^dt 



The second Poisson structure (8.7) for the KdV system (8.3) is generated by the three- 
dimensional nilpotent non-Abelian Lie algebra Q, (it is the Lie algebra of type II according 
to the Bianchi classification of three-dimensional Lie algebras) and 2-cocycle on its loop 
algebra. Note that any nilpotent non-Abelian Lie algebra contains subalgebra isomorphic 

to g,. 

Consider the special system of type (8.1): 



u\ = a % u % x + u 



a 



v 



(8.8) 



where a 1 ^ a J , if % ^ j, i,j = 1, N. 

Theorem 8.1. The system (8.8) is integrable and equivalent to some integrable homoge- 
neous diagonal Hamiltonian system of hydrodynamic type by a combination of a reciprocal 
transformation and some changes of the fields and independent variables. 
First of all, let us introduce new fields variables w l (x) by the relation 

u l = e wl 



Then our system (8.8) will have the following form: 

w\ = a l w l x + J2( al ~ ak ) eWk ( 8 - 9 ) 
k 



Consider so-called reciprocal transformations of the system (8.9), or, in other words, 
transformations of the independent variables x and t in according to a solution w(x,t) of 
the system (see also [42,51]): 



dx' = <pi(x, t, w)dx — ipi(x, t, w)dt, 

dt' = ipz(x, t, w)dx — i^2(x, t, w)dt, (8.10) 

where 

a^x t, W ) + mx,t, W ) =0 l = 1% {811) 

at ox 
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Here w l (x, t) is an arbitrary solution of the system (8.9), cpi, ipi, i = 1, 2, are generated 
by some conservation laws (8.11) of the system (8.9). 

Let us consider the following two conservation laws of the system (8.9): 

2) <p 2 = 0, ^ 2 = 1 
Using the relations 

K = W^lfi! +w l t ,ip 2 , 

after corresponding reciprocal transformation (8.10)-(8.11) we obtain the following nonho- 
mogeneous system of hydrodynamic type: 

k 

After transformations 

v l = w l - X 

and 

x" = -e~ x ' 

we obtain diagonal weakly nonlinear semi-Hamiltonian homogeneous system of hydrody- 
namic type which is integrable due to the Tsarev theorem [5,6]: 

4 = - «V fc K» (8.i3) 

k 



9 Killing-Poisson bivectors on Riemannian manifolds and integrable bihamilto- 
nian hierarchies of Heisenberg magnet type 

The Killing-Poisson bivector a/ J (u) on iV-dimensional Riemannian manifold (M, is 
by definition (see [53]) a skew-symmetric tensor on M (uj l i = —u^ 1 ) which satisfies two the 
well-known relations: (1.1) (the Jacobi identity for the Poisson bivector uj l i(u)) and (7.15) 
(the identity for the Killing bivector a/ J (w) on the Riemannian manifold (M,gij) with the 
Levi-Civita connection V generated by the metric gij). It was shown in section 7 (see 
also [52]) that Killing-Poisson bivectors on the manifolds of constant Riemannian curvature 
K define natural nonlocal (if K ^ 0) Poisson structures for nonhomogeneous systems of 
hydrodynamic type. Here we shall give complete description of the Killing-Poisson bivectors 
on the manifolds of constant Riemannian curvature in terms of Lie algebras with invariant 
scalar products and show that the compatible pairs of Poisson structures given by these 
bivectors generate also integrable bihamiltonian hierarchies of Heisenberg magnet type [52] . 

It is easy to describe all Killing-Poisson bivectors on flat spaces or, in other words, spaces 
of zero Riemannian curvature. In this case we shall consider flat coordinates (v 1 , ■■■,v N ) in 
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which the metric gij is constant. A tensor u) lJ (v) is a Killing-Poisson bivector on flat space 
(M 7 gij) if and only if in flat coordinates (i; 1 , ...,v N ) the following conditions are valid: 

w i 3(v) = c%v k + d* j , (9.1) 

where c£ , cf J are constants such that 

1) c£ are structural constants of a Lie algebra with invariant scalar product < , > given 
by the metric g^y. < adX(Y), Z >= — < Y, adX(Z) >; 

2) d % i is a 2-cocycle on this Lie algebra: 

= -d j \ Yl ° l s dSk = °. 

where the sum is taken with respect to all cyclic permutations of the indices k. 

For example, any semi-simple Lie algebra gives a Killing-Poisson bivector on flat space 
(we must take the Killing metric on the Lie algebra as a metric for corresponding flat space) . 
This description coincides with classification of local nonhomogeneous Poisson brackets of 
hydrodynamic type [3,4]. 

Let us consider arbitrary metric g tJ of constant Riemannian curvature K in canonical 
variables it 1 , u N : 

fe 1 ... 0\ 



(gV(u)) = (X(u)f 



e 2 ... 



VO ... e N ) 



K 

£, = ±1, \{u) = 1 + — J2 £ i( U ^ 2 



Theorem 9.1. For JV = 2 a tensor a/ J (n) is a Killing-Poisson bivector on some space 
(M,gij) of constant Riemannian curvature K if and only if in canonical variables (w. 1 ,^ 2 ) 

(^(u))=c\ 2 (u)^ 1 J), (9.2) 

where c is an arbitrary constant. 

As it was shown in [52] (see also section 7) any Killing-Poisson bivector uj ij (it) on the 
space (M,gij) of constant Riemannian curvature K define pair of compatible Hamiltonian 
operators 

M[J = 9ij{u) l " ^(^ikM + Kui{±)-\i t (9.3) 
M l 2 j =u ij {u), (9.4) 

which generate the integrable hierarchy of the generalized A^-component Heisenberg magnet 
equations 

St = [S, S xx ], S =1, 

where S is an ( N +1)- vector and [ , ] is the commutator in an (A+l)-dimensional Lie algebra 
equipped with an invariant inner product. The classic Heisenberg magnet corresponds to 



24 



the simplest case of two-dimensional sphere (N = 2). For two-dimensional sphere 5" 1 + 
S 2,2 + S s2 = 1 in coordinates of stereographic projection 

S 1 =u 1 /P, S 2 = u 2 /P, S 3 = (P-1)/P, 
where P = (u l2 + u 2,2 + l)/2, the metric has the form 

( 

The corresponding nonlocal Hamiltonian operator (9.3) generated by the metric has the 
form 

Aj — t>i( d 0\ i p f u M+ u2w x tt^j-u^j,^ /ujrf^otjj u x d~ 1 ou 2 \ , , 
^-^^0 d) +F \u 2 ul-u 1 u 2 x u 1 u 1 x + u 2 u 2 J + {u 2 x d- 1 ou 1 x uld-'oul) (9 - 5j 

In according to the Theorem 9.1 the unique (up to a constant factor) Killing-Poisson bivector 
on two-dimensional sphere in these coordinates has the form 

M 2 = (" y («))=(p2 ~f) (9-6) 

Following to the well-known general construction of bihamiltonian equations (see [37,61,62]) 
consider the recursion operator R = Mi(M 2 )~ 1 corresponding to the compatible Hamilto- 
nian pair (9. 5), (9. 6) and apply it to the simplest translation flow 

u 1 \ ( u 1 



We obtain the new system 



or 



ul ) - R ( ul 

u 2 - \u 2 



f u\ = u 2 xx + (u 2 (u x ) 2 - 2u x u\u 2 x - u 2 (u 2 x ) 2 )/P, , , 

\ u 2 = -u\ x - (u\u 2 x ) 2 - 2u 2 uW x - u\u x ) 2 )/P ^ V 

which exactly coincides with the classic Heisenberg magnet equations 

— * —f—f — #2 

St = S x S xx , S =1. 

Theorem 9.2 [52]. The compatible Hamiltonian pair (9. 5), (9. 6) generates the hierarchy 
of the Heisenberg magnet equations. 

Explicit bihamiltonian representation of the Heisenberg magnet equations (9.7) has the 

form 

^iffiUlfiffi) (9.8) 



u 



?)= M \5G/5u 2 )= M \5H/8r 

with Hamiltonians 

,2„,1 „,1„,2 i r ^,1^2 i /„,2\2 



_ fu 2 u\-u x u 2 Xj __ 1 f (K) 2 + (u 2 x ) 2 J , nn . 

J (2P-l)P dX > H= 2j P* dx (9 ' 9) 
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Note that bihamiltonian representation of Heisenberg magnet equations was found in 
[59,60] (in coordinates S\ S 2 , S 3 ). 

Let us give a complete description of the Killing-Poisson bivectors on A-dimensional 
sphere [52] 

JV+l 

J2(S k ) 2 = l. (9.10) 

fe=i 

Let c£ be structural constants of some (N + l)-dimensional Lie algebra equipped with 
invariant scalar (Euclidean) product such that + c^ J = 0. Consider the Lie-Poisson 
bivector Q lJ = c£S k and restrict it on the sphere (9.10). After restriction we obtain a 
Killing-Poisson bivector on A-dimensional sphere. The converse is also true. 
Theorem 9.3 [52]. All Killing-Poisson bivectors on A-dimensional sphere can be obtained 
by the above construction from any Lie algebra with an invariant scalar product. 
In coordinates (it 1 , u^) of the stereographic projection 

N 

S 1 = u x jP, S N = u N /P, S N+1 = {P- 1)/P, P = (J2(u s ) 2 + l)/2 (9.11) 

s=l 

we have 

JV 

Ji =n\ SN = P^(c a j +1 u a u j -c# +1 uV + #V) + 4 +1 (P-l)P (9.12) 

s=l 

For example, the Killing-Poisson bivector (9.6) on two-dimensional sphere is a result of 
restriction of the Lie-Poisson bivector 

/ S 3 -S 2 \ 
0= \-S 3 S 1 . 
\ S 2 -S 1 / 

In order to obtain a complete description of the Killing-Poisson bivectors on arbitrary 
spaces of constant Riemannian curvature it is necessary to consider Lie algebras equipped 
with arbitrary invariant scalar products (with arbitrary signatures) and apply the same con- 
struction. The corresponding Killing-Poisson bivector gives a compatible Hamiltonian pair 
(9. 3), (9. 4) which generates a bihamiltonian integrable A^-component system of Heisenberg 
magnet type. 

10 Nonlinear partial differential equations of associativity in 2D topological field 
theories and nondiagonalizable integrable systems of hydrodynamic type 

In this section we shall consider so-called nonlinear partial differential equations of asso- 
ciativity in 2D topological field theories (see [54-57]) and give their description as integrable 
nondiagonalizable weakly nonlinear systems of hydrodynamic type. For systems of this type 
corresponding general differential geometric theory of integrability connected with Poisson 
structures of hydrodynamic type can be developed. 
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We remind very briefly following to Dubrovin [54] the basic mathematical concepts con- 
nected with the Witten-Dijkgraaf-E.Verlinde-H.Verlinde (WDVV) system arising originally 
in two-dimensional topological field theories [56,57] and its relations with the Dubrovin type 
equations of associativity. 

Consider a function F(t), t = (i 1 , ■■■■ > t N ) such that the following three conditions are 
satisfied for its third derivatives denoted as 

r m d 3 F(t) . 

1) normalization, i.e., 

Vaf3 = Ci a p(t) 

is a constant nondegenerate matrix; 

2) associativity, i.e., the functions 

clp(t) = V ^c eaP (t) 

for any t define a structure of an associative algebra A t in the N-dimensional space with 
a basis ei, e^: 

e a -ep = c^(£)e 7 

3) F(t) must be quasihomogeneous function of its variables: 

F{c d H\ c dN t N ) = c dF F(t\ t N ) 
for any nonzero c and for some numbers d±, (In, (If- 

The resulting system of equations for F(t) is called the Witten-Dijkgraaf-E.Verlinde- 
H.Verlinde (WDVV) system [56,57] (see also [54-55]). It was shown by Dubrovin [54] that 
solutions of the WDVV system can be reduced by a linear change of coordinates to two 
special types: 

(1) in the most important physically case 



1 1 7V_1 

F(t) = '-(f)H N + V t a t N ~^ + f(t 2 , t N ) (10.1) 



for some function f(t ,...,t ) 
(2) in some special case 



a=2 

2 +N\ 



F(t) = ^(t 1 ) 3 + V t a t N ~« +1 + /(t 2 , t N ) (10.2) 
for a nonzero constant c. 

If N = 3 (first nontrivial case for the condition of associativity in algebra At) then for 
the first type solutions (10.1) of the WDVV system the associativity condition in algebra 
A t gives the following nonlinear partial differential equation for the function f(x,y) [54]: 

fxxy = fyyy + fxxxf xyy (10.3) 



N-l 
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Let us introduce new variables a, b, c, d such that 



fxxxi b Jxxyi 

c fxyyi d fyyy (10-4) 

Conditions of compatibility have the form: 

Q<y = b x , 

by = c x , (10.5) 

Cy — d x 



Besides, we have the relation 



d = b 2 -ac (10.6) 







(!) 


i-( 








y 




from (10.3). 

So, the equation (10.3) is equivalent to the following homogeneous system of hydrody- 
namic type 

/ a\ ( 1 \ ( a\ 

(10.7) 

The system (10.7) is nondiagonalizable weakly nonlinear homogeneous system of hy- 
drodynamic type. In fact, integrability of the system (10.7) follows from Dubrovin's results 
[55] but for the representation (10.7) it can be proved directly by usual Hamiltonian and 
differential geometric methods of hydrodynamic type systems. 

Theorem 10.1 [58]. The equation (10.3) is equivalent to the integrable nondiagonalizable 
weakly nonlinear homogeneous system of hydrodynamic type (10.7). 

Analogously, for N = 3 and for the second type special solutions (10.2) of the WDVV 
system the associativity condition for algebra A t gives the following Dubrovin equation for 
the function f(x,y) [54]: 

f xxx fyyy fxxyfxyy 1 (10.8) 

After introducing new variables a,b,c,d (10.4) from (10.8) we have the relation 

d=i±^ (10.9) 
a 

Compatibility conditions (10.5) and the relation (10.9) generate the following homoge- 
neous system of hydrodynamic type 



(10.10) 



Theorem 10.2 [58]. The equation (10.8) is equivalent to the integrable nondiagonalizable 
weakly nonlinear homogeneous system of hydrodynamic type (10.10). 







(s; 


H 








y 
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